Electrostatically deflected elastic systems are increasingly used in technical applications. We study a typical situation as a free boundary problem and prove, under quite general hypotheses, the existence of a local branch of solutions. Hadamard's variational formula is crucial in the proof, which is based on the implicit function theorem in Banach spaces.
Introduction
Let us consider a rigid plate represented by an open and bounded subset D of R 2 with a regular boundary Γ . Above the plate, and with a gap of height L, is suspended an elastic membrane which, in the undeformed state, is given by the set D translated by L in the direction of the z-axis. If a potential difference V is applied between membrane and plate (both assumed to be perfect conductors), the membrane deforms under the action of the electric field. Let z = η(x, y) represent the deflection of the membrane and ϕ(x, y, z) the potential between the membrane and plate. The charge density on the membrane is given by σ = − 1 4π ∂ϕ ∂n .
Hence the deflection of the membrane obeys
where T is the tension of the membrane and the permittivity of the insulating medium. We assume the potential on the lateral surface of the cylinder D × [0, L] to be given by V z. If we define and suitably rescale the equations, we arrive at the following problem (P): find ϕ(x, y, z) defined inΩ (η) and η(x, y) > 0 defined inD such that
If we take into account (3), Eq. (5) can be equivalently written as
where α = V 2 4π T l and l is a characteristic length. We note that the condition η(x, y) > 0 is essential to avoid the membrane touching the bottom plate, and thus making the problem meaningless. Problem (P) is clearly a free boundary problem since part of the boundary in which Eq. (1) is to be satisfied is unknown and accordingly two conditions, i.e. (3) and (7), are prescribed on it.
The seemingly simple physical situation described by problem (P) presents an interesting nonlinear phenomenon. In a series of experimental works, Taylor [3] has found the existence of a critical voltage, i.e. a critical value of |α|, above which the membrane collapses onto the bottom plate. In addition, for an applied voltage just below the critical value, the membrane remains at a considerable distance from the plate. This problem has received great impetus from the advent of microelectromechanical systems where electrostatic forces are frequently used to control devices. However, the inherent instability of the setting requires an accurate mathematical analysis of the problem. This has been carried out by J. A. Pelesko and other authors in a series of papers [1, 2] . On the other hand, in all these works only special geometries for membrane and plate are considered and heuristic considerations are employed. A global picture, however, seems to emerge: the free boundary problem (P) possesses a complex response diagram with, probably, a denumerable infinity of regular turning points [1] .
In this work a first step is made to clarify the nonlinear nature of the problem under general conditions. We prove that there exists α 1 > 0 such that, if |α| ≤ α 1 , problem (P) has one and only one solution forming a simple branch in the bifurcation diagram. This result is obtained using the implicit function theorem in Banach spaces and employing in a crucial way Hadamard's variational formula for the harmonic Green's function of a three-dimensional domain.
Existence of a local branch of solutions
We can restate problem (P) as a single functional equation
to which we apply the implicit function theorem in Banach spaces. Crucial in the proof will be Hadamard's formula [4, 5] giving the first-order variation of the Green's function under a small perturbation of the boundary of the domain. Let p > 2 and define
We begin by letting ζ (x, y) ∈ O be given, so that the problem
is uniquely solvable. Moreover, since the right-hand side in (12) belongs to L p (Ω (η)), we have
Hence
and we may also consider the problem
By the regularity of the right-hand side of (15) we havê ζ ∈ X.
Therefore the operator
is well defined. Now, let
Problem (P) is equivalent to the functional equation
which certainly has the solution (α,ζ ) = (0, 0). To apply the implicit function theorem and obtain the local solvability of (19) with respect to ζ we need to prove
where
To do this, we show that the Frechet differential DG(ζ )(h), ζ ∈ O exists and is continuous. Let G(x, y; x , y ) be the Green's function corresponding to the domain D with Dirichlet boundary conditions. Moreover, given ζ ∈ O, we denote the Green's function corresponding to Ω (η) = Ω (1 + ζ ) by G [1+ζ ] (x, y, z; x , y , z ). A representation formula for the operator G is thus given by
To prove that (20) is Frechet differentiable, we compute the Gateaux derivative of G
where ζ ∈ O and h ∈ X . Define
We have
Using the transport theorem, we obtain
Moreover, by Hadamard's variational formula, we have
We note that G G (ζ ) = g (0) is a linear and bounded operator with respect to h ∈ X , i.e. G G (ζ ) ∈ L(X, X ). Therefore the Frechet differential exists, is continuous in O and equals G G (ζ )(h). For the ζ -partial derivative of F(α, ζ ) we have
Thus F ζ (0, 0) : X → X reduces to the identity operator i.e.
F ζ (0, 0)(h) = h which is certainly bounded and invertible in X . Hence the implicit function theorem can be applied. We conclude that there exists α 1 > 0 such that, if |α| < α 1 , F(α, ζ ) = 0 is locally solvable with respect to ζ .
Final Remark. One question which naturally arises is how the response diagram continues beyond the initial configuration guaranteed by the implicit function theorem as in this work. If the simplifications made in [2] are accepted, the first "turning point" of the snake-like response diagram (see Fig. 4 of [2] ) can rigorously be obtained by the theorems proved in [6] .
